Abstract. Complex manifolds with compatible metric have a naturally defined subspace of harmonic differential forms that satisfy Serre, Hodge, and conjugation duality, as well as hard Lefschetz duality. This last property follows from a representation of sl(2, C), generalizing the well known structure on the harmonic forms of compact Kähler manifolds. Some topological implications are deduced.
Introduction
While there are many known topological obstructions to a manifold having a Kähler metric, beyond complex dimension 2, our understanding of the relationship between topology and complex structures is much more primitive.
Many interesting and important invariants of complex structures, including the dimensions of Dolbeault and Bott-Chern/Aeppli cohomologies, are bounded from below by topological quantities, such as Betti numbers. But there are comparatively few reverse inequalities, and these are desirable for showing that a complex manifold has non-trivial topology, or conversely that a smooth manifold does not have a complex structure.
This short note describes some topological and geometric inequalities for Hermitian manifolds, i.e. complex manifolds with compatible metric. They are expressed in terms of the kernel of a certain Laplacian-type operator, derived in some sense from the locus of the symplectic condition. The kernel of this second-order selfadjoint elliptic operator determines a subspace of harmonic forms that satisfies the Serre, Hodge, and conjugation dualities, generalizing the Kähler case. Moreover, there is an induced representation of sl(2, C) on these harmonic forms, yielding a generalization of hard Lefschetz duality. In particular, it holds that the dimension of kernel of this elliptic operator, beginning from a given bidegree, is non-decreasing up to half the dimension of the manifold, as in the Kähler case, c.f. Corollary 3.2. Several corollaries involving the Betti numbers are deduced from this.
The work here relies on a generalization of the Kähler identities to the Hermitian setting, due to Demailly [Dem86] , but implicit in [Gri66] . The author was influenced by [Pop16] , where similar Laplacian-type operators are used to study the Frölicher spectral sequence. Finally, one may notice the results here mirror the structure and statements on the almost-Kähler side, recently described in [CW18b] .
I thank Joana Cirici for many discussions related to this work, as well as comments on an earlier draft.
Hermitian Identities
Consider a complex manifold (M, J) with Hermitian metric , , and (1, 1)-form ω. Let L : A p,q → A p+1,q+1 be the Lefschetz operator on (p, q)-forms, L(η) = ω ∧ η, and let Λ :
which is equivalent to∂ 2 = 0
as well as all of the adjoint equations.
The operatorλ has bidegree (1, 2) and governs the symplectic condition: a Hermitian manifold is Kähler if and only ifλ = 0. By comparison, the component of exterior d on an almost complex manifold that governs integrability has mirror bidegree (−1, 2), under the bigrading symmetry (p, q) → (n − p, q).
In [Dem86] , Demailly derives a set of Hermitian identities which generalize the Kähler identities. Consider the zero-order torsion operator τ := [Λ, λ] of bidegree (1, 0). Demailly shows
with Kähler identities recovered in the case τ = 0. It is also shown that
and we also have
For any operator δ, let ∆ δ = [δ, δ * ], and let ∆ p,q δ denote the restriction to A p,q . It follows from (3) and (4) that Corollary 2.1. For any Hermitian manifold there is an induced representation of sl(2, C) = span C {L, Λ, H} on the space Ker (∆ τ + ∆τ + ∆ λ + ∆λ). In fact,
The following additional relations can also be deduced, by the Jacobi identity,
as well as two more relations
that are proved in [Dem86] .
From the above relations we obtain, by taking conjugates and adjoints, all quadratic relations on the Z 2 -graded Lie algebra generated by the operators ∂,∂, τ,τ , λ,λ, L and their adjoints. In the physics literature, it is often lamented that the failure of the Kähler condition corresponds to the symmetry breaking in the algebra of operators. Contrary their being any deficiency in the algebra, and similar to the almost-Kähler case [CW18b] , this algebra of operators can be well understood by including the lower order terms that vanish in the Kähler case. Moreover, there seems to be some interesting relationship between the two discussions.
Harmonic Symmetries
Let (M, J, ω) be a compact Hermitian manifold. Consider the following positive definite self-adjoint elliptic operator of order two:
This is a real operator, and the last four summands are all order zero. Let p,q denote the restriction to A p,q .
Theorem 3.1. Let (M, J, ω) be a compact Hermitian manifold of complex dimension n. For any 0 ≤ k ≤ 2n, there is an orthogonal direct sum decomposition
For all 0 ≤ p, q ≤ n the following dualities hold:
(1) (Complex conjugation). We have equalities
(2) (Hodge duality). The Hodge ⋆-operator induces isomorphisms
(3) (Serre duality). There are isomorphisms
The operators {L, Λ, H} define a finite dimensional representation of sl(2, C) on
Ker ( p,q ).
Moreover, for every 0 ≤ p ≤ n and all p ≤ k ≤ n the maps
are isomorphisms.
Proof. For the first claim, Ker ( ) is the intersection of the kernels of∂, ∂, τ,τ , λ,λ and their adjoints, as can be seen by expanding η, η . Any k-form in the kernel of one of these operators must have all of its (p, q) components in the kernel as well, so the first claim follows.
The operator satisfies = , and one can check that for any δ =∂, ∂, τ,τ , λ,λ, we have δ * = − ⋆ δ⋆. This implies for any such δ that ∆ δ ⋆ = − ⋆ ∆ δ , showing claims (1), (2), and (3).
For the last claim, it follows from the equations in (2), (3), and (4) that L and Λ preserve Ker ( ). The last claim follows since L n−k : A p,k−p → A p+n−k,n−p is injective in the given range, so the restriction is also injective, and therefore an isomorphism by Hodge duality.
The arguments in fact show that the orthogonal decomposition and the dualities (1), (2), and (3) of Theorem 3.1 hold for the kernels of the operators ∆ ∂ + ∆∂, ∆ λ + ∆λ, and ∆ τ + ∆τ . But the Lefschetz-type properties appears to hold only for the operator .
We now state some Corollaries of Theorem 3.1. The first follows from some well established facts about sl(2, C) representations.
Corollary 3.2. There is an orthogonal direct sum decomposition
for all 0 ≤ p, q ≤ n and p + q + 2j ≤ n, and the dimensions of the primitive spaces can be written in terms of successive differences of the numbers dim Ker ( r,s ).
The next corollary is in regards the Betti numbers b k := dim H k (M ) of a manifold M . We first remark, it is immediate that Ker (∆ ∂ + ∆∂) ⊆ Ker (∆ d ), and therefore for all k ≥ 0 there are inequalities
) are the (p, q)-Hodge numbers. Thus the same inequalities also hold for the kernel of as well:
Thus, for example, for any Hermitian structure on S 1 × S 2n−1 , with n ≥ 1, it holds that Ker (∆ 
for some p, q, then all of the Betti numbers b k must be non-zero for all k satisfying p + q ≤ k ≤ 2n − p − q and p + q ≡ k mod 2.
For example, for any Hermitian structure on S 2 × S 2 × S 2 , we must have Ker Another example is the Iwasawa manifold, a nilmanifold whose only nonzero differential on a left invariant basis of (1, 0)-forms X 1 , X 2 , X 3 is ∂X 3 = −X 1 ∧ X 2 . With the Hermitian structure making X 1 , X 2 , X 3 orthonormal, so that ω = j X j X j , we have We give one more corollary which shows that the Hodge and Betti numbers of compact complex manifolds can be severely restricted by the algebra of the fundamental form and its derivatives. Proof. By assumption η ∈ Ker (∆ ∂ + ∆∂) and η ∈ Ker (λ) ∩ Ker (λ), and we claim that η is in the kernel of the zero-order summand ∆ τ + ∆τ + ∆ λ + ∆λ. Indeed, for degree reasons, η is in the kernel of Λ, λ * ,λ * , andτ * , which implies τ η =τ η = 0, and finally we use the fact that [Λ,τ ] = 2iτ
* to see η is in the kernel of τ * . This shows p,0 η = 0, and the claims now follow from Corollary 3.2, Equation 8, and Corollary 3.3.
We conclude with some additional facts concerning the calculation of these harmonics spaces. First, the definition of these harmonics simplifies in the case that the metric is pluri-closed (also known as strongly Kähler torsion, or SKT), i.e. ∂∂ω = 0. We use Demailly's Bochner-Kodaira-Nakano-type identity proved in [Dem86] :
where Next, focusing on λ rather than τ , we obtain some vanishing results by cohomological methods. The square-zero operators λ andλ induce cohomologies themselves. For each q ≥ 0, let
Im (λ :
with induced differential ∂. In the Kähler case, H p,q λ = A p,q for all p, q. Since λ is zero-order, and square zero, there is a fiberwise orthogonal Hodge decomposition
respecting the (p, q) bigrading. It follows that H p,q λ ∼ = Ker ∆ p,q λ , and moreover the groups satisfy Serre duality, since ∆ λ ⋆ = − ⋆ ∆ λ . Analogous results hold forλ, and we conclude: Proposition 3.6. There is an inclusion Ker ( p,q ) → H p,q λ , so the vanishing of the latter zero-order cohomology implies the second order elliptic operator has zero kernel. Similarly, this holds for H p,q λ . This includes some interesting special cases, including Hermitian manifolds that are particularly far from being Kähler. For example, if the mapλ : A 1,0 → A 2,2 is everywhere injective in complex dimension 3 or more, then Ker ( 1,0 ) is zero. It is particular to complex dimension 3 that the mapλ : A 2,0 → A 3,2 can be an isomorphism, and in this case we conclude Ker ( p,q ) = 0 for (p, q) = (2, 0), (3, 2), (1, 3), and (0, 1). It would be interesting to study this class of highly non-symplectic metrics on (almost) complex manifolds. The mirror concept in complex dimension 3, when the componentμ : A 1,0 → A 0,2 of the exterior derivative is an isomorphism, pertains to maximally non-integrable almost complex structures, c.f. [CW18a] , which includes the family of strictly nearly Kähler 6-manifolds. On the other hand, while the operator τ is not a differential, instead of a cohomological vanishing argument, one can rely on an analytic argument.
Proposition 3.7. If any of the zero-order operators τ,τ , λ,λ or their adjoints are injective at a single point, on bidegree (p, q), then Ker ( p,q ) = 0.
In particular, dim Ker ( 0,0 ) is either one or zero, depending on whether the Hermitian structure is Kähler.
Proof. If η ∈ Ker ( p,q ), and δ is any such operator in the claim, then δη = 0 at a point implies η vanishes on an open set, and therefore the d-harmonic form η is identically zero.
It remains to further study what these numbers tell us about a given Hermitian structure, and conversely, to determine what are the permissible numbers for a given complex structure.
